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to calculate obstructions to cross-sections in the (stable) normal bundle of a manifold.
The purpose of this paper is to describe a method (see ? 5) whereby, for certain fibre spaces, one or more of the Postnikov invariants can be expressed in terms of higher order cohomology operations applied to classes coming from the base of the fibration. The operations needed are the higher order twisted operations which generalize the Adams-Maunder operations [1] , [26] . (Secondary twisted operations have been defined by Meyer [28] and by Gitler-Stasheff [10] . McClendon [27] gives an axiomatic characterization of twisted operations of all orders.) When the base space of the fibration is a manifold, one has several techniques for computing these higher order operations, and so the calculation of the Postnikov invariants is sometimes possible. In this paper we give two examples of such computations (see ?? 6-7) which yield the following results.
Let M be a closed connected smooth manifold. We define the span of M to be the maximal number of linearly independent vector fields on M. By the theorem of H. Hopf [13] , span M is positive if and only if the Euler characteristic of M, X(M), is zero. In particular, every odd-dimensional manifold has positive span, and this result is best possible since the manifold S1 x RP2k, k 0 O. has span 1. (Here Rpq = real projective space of dim q, and Sq = sphere of dimq, for q _ 1.) Even if we consider only orientable odd-dimensional manifolds, the result is still best possible in dimension 4k + 1, k > 0 for span S4k+1 =1 [61, [43] . We shall prove THEOREM 1.1. Let M be an orientable manifold, and let k be a nonnegative integer. If dim M = 4k + 3, or if dim M = 4k + 2 and X(M) = 0, then span M _ 2.
The case dim M = 3 is given by Stiefel [36] . The result for dim M4k + 2 is best possible, since the manifold S1 x RP4k+l has span 2. Theorem 1.1 is proved in ? 7. A review of principal fiber spaces and of Postnikov resolutions is given in ?? 2, 3. In ? 4 we sketch McClendon's theory of higher order twisted cohomology operations. The main theoretical result is given in ? 5, and this is then applied to two fibrations in ? 6.
Further applications of the theory developed here will be found in [39] , [40] , and [41].
Principal fibre spaces
In this section, we review some homotopy theory. We work in the category of spaces with basepoint; all maps and homotopies will respect basepoints. Given a pair (X, X0), we assume that * G X0, where * denotes the basepoint for any space. We denote by [ where co V x denotes the path whose value on t is 'io(2t) for 0 ? t ? 1/2 and is X(2t -1) for 1/2 ? t _ 1. Notice that m restricts to &2CO x Ewo to give an action map flC0 x Ewo E).O If (X, X0) is a pair the set [(X, X0), (TIC, flCO)] has a natural group structure using the loop multiplication on 2C, ?2CO. The map m then gives an action of the group [(X, XO), (&2C, D2CO)I on the set [(X, X0), (E, E0)] where we write E = Ew, E0 = EWo. We need the following property of this action (see [32] , [38] ). Let p be a fixed prime number. Suppose that the space C is a product of Eilenberg-MacLane spaces, say C = K1 x ... x Ks where K, = K(J%, qi + 1), Ji = Z or Zp. Take mod p coefficients and let 0 E Ht(E, EO), where t is less than twice the connectivity of C. Let ei G fqi(7C x E) denote the fundamental class of the factor &2K, in SC. Then,
where a jG Ap (= mod p Steenrod algebra) and v, G H*(E), deg vi> 0. Combining (2.1) and (2.2) we obtain the following result. (2.3) . Let C, [27 [(X, X0) , (E, E0)] be maps such that p*,1 = p*"2 in [(X, X0), (B, Bo)]. Then there are classes ui e Hi(X, X0; J.), 1 _ i _ s. such that (U2 (u1, us) u8).' and hence 2 0 = aj(ui)-_l*vij . In subsequent sections we will need the following exact sequence involving a. (c) Let a be an element of the mod p Steenrod algebra, and let u E H*(&7C x E, E) be a class such that deg au < 2q. Then
The definition of z-is similar to that of the relative transgression operator defined in [38] . See [42] for details.
In addition, we will need the following naturality properties of e and z. Suppose we have a commutative diagram of principal fibrations, as shown below:
Here p and p' are the principal fibrations with w, respectively w', as classifying maps. Let u, [e' denote the operator 2.2 associated with the respective fibrations p, p', and let z, z' denote the morphisms given in 2. , Hi(E') -
where i is less than twice the connectivity of either C or C'.
Postnikov invariants
Let X, T. B be complexes with maps as shown below: X e B < T.
A basic problem in topology is to determine whether factors through T, up to homotopy; i.e., whether there is a map C: X T such that wr C . We review in this section some elementary facts about Postnikov resolutions that are relevant to this problem. (See [11] , [19] , and [38] , for details.)
Recall that any such map wr can be regarded, up to homotopy, as a fiber map [7] . The fiber of wr is the space E, defined in ? 2, and the natural projection p,: Eu > T defined there plays the role of the fiber inclusion. If 7w is already a fibration then its fiber has the homotopy type of E,. (See [7] for details.)
Thus with no loss of generality we may assume that wr is a fiber map. Let F denote its fiber. We suppose that F is 1-connected and that w1,B acts trivially on F. Suppose that n and s are integers such that
Let yn H"(F; G) denote the fundamental class, and set w --(yn) c H7+1(B; G), where z denotes the transgression operator for the fibration wr [34] . Let p: E -B be the principal fibration with w as classifying map (i,e., we regard w as a map B-e K(G, n + 1)). The fiber of p is (2K(G, n + 1) = K(G, n).
Since r*w = 0 there is a map q: T E such that pq = 7w. Thus we obtain a commutative diagram
where i and j denote inclusions and where r = q I F. It is easily shown (e.g., see [38, Th. 1] ) that q can be chosen so that r -an.
Let Er = fibre of r, as above, and let Pr: Er -F denote the natural map.
One can show that Er has'the homotopy type of the fibre of q, Eq, and that the composite map Pr Er * F T is homotopic to the natural map Pq: Eq -T [7] . Since r Y ran it follows that Eq (_ Er) is (s -1)-connected and that rsEq A. Let s, E Hs(Eq; A) denote the fundamental class and set k =-'(y8) e Hs l(E; A), where z' denotes the transgression in the fibration Pq T q E. Eq I T E.
Notice that
(see [8] , [11] ). If A is the integers mod p (p a prime), these properties characterize k, as remarked in [11] . Regard k as a map E -K(A, s + 1), and let p': E' E denote the fibration with k as classifying map. Since q*k = 0, there is a map q': T -E' such that p'q' = q. By an argument analogous to that given above, we see that the fibre of q' is at least s-connected. Thus the morphism q' :7rT 7riE' is infective for i ? s and is surjective for i ? s + 1. Therefore, if X is a complex of dim ? s + 1, the set map In practice the class w will often be some well-known primary invariant such as a Stiefel-Whitney class or a Chern class. Thus we can assume that (a) poses no problem. Our concern in this paper is (b), the computation of k(s).
We now consider two examples of fibrations with associated invariants "k". In the first example the class k will also be simple to compute, while in the second no simple method seems to exist.
For any topological group G, we denote by BG the classifying space defined by Milnor [29] . Let U(n), n > 1, denote the unitary group of rank n. Recall that H*(BU(n); Z) is a polynomial algebra on the universal Chern classes c1, ** , cn, where deg ct = 2i. The inclusion U(n -k) c U(n) induces a map wr: BU(n -k) -BU(n). Regarded as a fibre map, wr has as fibre the complex Stiefel manifold Wnk = U(n)/U(n -k), 1 ? k < n -1. (See Borel [4] In other words, if c28(o)a=O, then c2,+1(ao))O mod2 and (1/2)c2?+1(a) e k(l().
Let M be a closed connected smooth manifold of dim 2q, q > 0. We say that M has an almost-complex structure if there is a complex q-plane bundle (o over M whose underlying real bundle is isomorphic to the tangent bundle of M. In this case we define the complex span of M to be the maximal number of (complex) linearly independent cross-sections in ao. From 3.5 we obtain at once Additional results along this line have been obtained by M. Gilmore [9] . For our second example, we consider the various rotation groups SO(n), n _ 2. Recall that H*(BSO(n); Z2) is a polynomial algebra on the universal Stiefel Here p is the principal fibration with w4,+2 as its classifying map. Since (We take B0 = E0 = pt., in the sequence in ? 2.) Since p is induced by w48+2, the fundamental class c48+1 transgresses to w4,+2. Therefore by (2.4a),
Recall that by Wu [45] ,
Therefore by (2.4b) and (2.4c), z(Sq2c4s+1 0 1 + c4s+1 0 P*W2) = 0 and so by exactness there is a class k E H4S+3(E) such that 3.8)
Of course k can be varied by image p*, but by using the exact sequence given in [38, ? III], one can show that k can be chosen uniquely so that (3.8) holds and q*k = 0. This choice of k then coincides with the class k given above.
In other words we can think of k as arising because of the relation
which takes place in H*(BSO(4s + 3)). In the following three sections we show how this relation can be used to compute the class k, and hence the set k($). In particular, in the next section we sketch the theory of twisted cohomology operations.
Twisted cohomology operations
Let p be a prime, let A be a Hopf algebra over the field Zp, and let M be an algebra over A. Following Massey-Peterson [25] we define a new algebra, For the rest of the paper we will use the convention that J (occasionally J', J., etc.) will denote either Z or Zp, p a prime; and K(J, s) will denote an Suppose now that the integer s + q is less than twice the connectivity of C. (Recall that the relation a ,8 = 0 has degree q + 1.) Consider the exact sequence given in ? 2: where gu is given in 4.3. We then say that 1 is defined on the pair (u, i) and set
where the union is taken over all maps f such that pf = g,. We define Indet*(X, B; 4, t) = EaiH*(X, B) . We will say in general that the secondary operations are of order 2, and we write E = E2, Y = Y2. The pair (E2, Y2) will be called a universal example of order 2. As part of the definition, we include the principal fibre map p = P2: (E2, Y2) -( Y x K, Y) with the property that p2 maps Y2 homeomorphically onto Y. To define a universal example of order n, for n > 2, suppose inductively that we have defined a universal example of order n -1, (E.1, Y,-,), with a fibre map pn-1: where 0 e Hs(X, B). It is shown in [27, ?2.1] that Indett (X, B; T, t) is a subgroup of Ht(X, B), and that T(u, t) is a coset of this subgroup. Notice that, for secondary operations, we have computed the indeterminacy explicitly by means of primary operations. Let (Emn, Y) be a universal example of order m > 2, let q E H*(Em", Y), and let ID be the operation of order m defined by qp as above. We will need the following properties of the operation (. (As usual, we let (X, B) be a pair, :X -Y a map, and u E Hs(X, B; J).) The proof is given in [27] . We will need the following simple computation of the operations. to be non-empty we must have $jw = 0.) If k has degree t, say, then k( )Qc Ht(X) (mod p coefficients). Each such set k(s) is a secondary obstruction, for if d factors through T, then 0 E k(s). Thus, regard k(s) as a generalized Postnikov invariant. In this section we consider the problem of computing the set k(s). Our main result, roughly speaking, is as follows: given certain hypotheses, there will exist classes v, m E H*(B) and a higher order operation &2 such that ( * ) k + p*me 0(p*v) .
By naturality this implies
which gives us some hold on the coset k(s). In specific examples (see ? 6), we can use (*) to compute k(s) precisely. The exact wording of the main result (Theorem 5.9) is rather complicated, since in its most general form the operation &2 will be given as a twisted higher order operation (as defined in ? 4). We proceed with the details.
Let w be the vector of cohomology classes of B given above; say, w (w1, *..., wa) where wi E H*(B; Jt), each Ji = Z or Z,. Set C = K1 x ... x Ka, where Ki = K(Ji, deg wi). Then w is a map By C, and we obtain the following diagram: If the class k is in fact a Postnikov invariant as in ? 3, then its characterizing properties are given in (3.2), namely, (i) q*k 0.
(ii) i*k k-invariant of fibre of w. For the general theory described here it is convenient to let k vary, provided that q*k and i*k remain fixed. In fact we restrict k to belong to a certain coset K, as follows. As above, assume that k E Kernel q*. Set K = coset of k in Ht(E) with respect to the subgroup Ker q* n Ker , n Ht(E). If kl, k2 E K, then 4a(kl) = (k2), and if we set Indet* (X; K) = a.H*(X) , we then can say that k(s) is a coset of Indett (X; K) for any k E K.
Let Y be a space, and A: B-> Y a map. We will say that the vector a', defined over A(B), is induced by (Y, I) if there are elements (a1, * , a,) in and so a' is induced by (K(Z2, 2), w2).
We now come to the main definition of the paper. Suppose that a^ is induced from a by (Y, ,), as defined in 5.3. Let w be the cohomology vector of BA given at the beginning of the section, and let K c Ht(E) be the coset defined above. For simplicity we now assume that p = 2. We will say that a class v E H*(B) is a generating class for K if the following three conditions, (5.4)-(5.6), are fulfilled. As an example of the definition, we will show in ? 6 that the class W4s E H4s(BSO(4s + 3)) (see Example II, ? 3) is a generating class for the coset determined by the class k in Example II.
We consider in more detail the meaning of (5. The operation &2 will play a key role in what follows. To emphasize this we will say that v is a generating class for /c, relative to D2.
We now can state the main theoretical result of the paper. Here {f*M} denotes the coset of Indett (X; ? *,2) determined by the subset H*M.
In our applications given in ? 6 the vector w and the class k will be chosen so that for a suitable category of complexes (e.g., those with appropriate dimension, as in 3. Recall that the coset K has been defined with respect to a subgroup of the form Kernel q* n Kernel ,u. In our applications (? 6) this subgroup will be zero in the appropriate dimensions, a fact which is implied by the following result. Remark. If Ker q* n Ker a = 0 in dim t, then the coset K consists of the single element k. In this case we will say that v is a generating class for k, relative to D.
Bundles over complexes
In this section we give two examples of the theory developed in the preceding sections.
All cohomology will be taken with mod 2 coefficients, unless otherwise noted.
We consider first Example II, given in ? 3, referring back to diagram 3.7 for our notation. Recall that K(Z2, 4s + 1) Sq'w48, it follows that 0 e D3(w48, w2), and so J3 is the desired choice of the operation.
As a consequence of 6.3, we can choose the coset M in 5.6 to be the subgroup Indet4s+3(BSO(4s + 3); Iq, W2). Now let e be a bundle over a complex X as given in Example II, ? 3. Recall from ? 5 that Indet4s+3(X; IC) = a.H4s+l (X) where A(K(Z2, 2)) acts on H*(X) by the map w2d: X K(Z2, 2). On the other hand, by 6.1 we see that Indet4s+3(X; 4'3, wl2) = aH4s+l(X) + SqlH4s+2(X) Therefore by 3.4 and 5.10 we have the following result. acts on H*(K(Z, 4s) x E; Z) by the composite map K(Z, 4s) x E P-* E P BSO(4s + 1).
Moreover, if X is a complex of dim ? 4s + 2, and if A: X -E is a map, then , lifts to BSO(4s + 1) if and only if 72*k = 0. The proof of these statements is similar to that given in Example II, ? 3. For details see [19] and [38] . Notice that the class a' is again induced from a in A(K(Z2, 2)) by the map W2: BSO(4s) Thus a (3w48_2) =1 .w,8 and so taking qi, = a, we satisfy 5.4. Relation 6.5 satisfies 5.5, and since z* is surjective mod 2, 5.6 is trivially fulfilled. Finally, Kerz* = Ker p* in dim 4s + 3, and so by 5.11, k is the sole element in /. Thus aw48_2 is a generating class for k, as claimed.
Again we seek more information about the coset M given in 5.6. Let j: BSO(4s -2) ci BSO(4s) denote the map induced by the inclusion. Since j*(3w4.-2) = 0, since j* is surjective, and since Kernel j* in dim 4s + 2 is generated by, aW4.-2 * Sq'W2, w48 W2 we have: PROPOSITION 6.7. The operation ID* can be chosen so that XW48 *W2 E 3*(aw48_2, w2) ci H's+ (BSO (4s)) where X e Z2.
The proof is similar to that given for 6.3, and so is left to the reader. Thus we can take the coset M, given in 5.6, to be the coset of Indet4s+2(BSO(4s + 1); *3, w2) containing the class XW48*W2. Now let X be a complex, and d: X BSO(4s + 1) a bundle as above. Recall that where X is an integer mod 2 independent of X.
Here ID* is the operation given in (6.7).
Bundles over manifolds
In this section we specialize the theorems of ? 6 by taking the complex X to be a closed, connected, smooth manifold M. The proof of Theorem 1.1 follows as a consequence. Throughout the section we assume that M is orientable.
In order to apply Theorems 6.4 and 6.8 we must calculate the operations From the general theory of twisted secondary operations [27] , it follows that
where the common indeterminacy subgroup is that of the right hand side.
The following theorem is proved by analogy with (3, 9.4) in [1] . We omit the details (cf. [40, 5.3] ). The proof is given at the end of the section. We consider now the theorems of ? 6, taking the complex X to be a manifold M, as above. PROOF. Assume (a) and set n = 4s + 3, s > 0. If s = 0 the result is given in the Remark in ? 6, so we suppose that s > 0. We will apply 6.4 to obtain the proof, and so check the hypotheses of that theorem. Since M is orientable, Sq'H--'(M) = 0. Let 4)3 be the specific operation given in 6.3. By 7. Z, generated by Uq*w3, and so 7.4 follows by naturality. LEMMA 8.1. There is a homeomorphism h: E E2 such that p1ph= p: E-+A.
The proof is immediate, and is left to the reader. We will identify E and E, (as fibre spaces over A) by h.
The constructions made above give the following commutative diagram:
A bB, where i and r denote respectively the inclusion and projection, and j is the inclusion of the fibre &7C x &OB into the total space E2 (= E). PROOF OF THEOREM 5.9. We divide the proof into two cases, depending on the nature of the vectors w and p. We also can regard H*(S2C x E, E) as module over A(B), using just the Since f *k' = k, we have q'*k' = 0. Let K' denote the coset of k' in Ht(E') with respect to the subgroup Kernel pa' n Kernel qf* n Ht(E') Thus, f *K' c K. Now, let w' p o w. All the components of w' have mod 2 coefficients and, by 5.4, (w', 0) e (p, s)(v). By 8.6, la'(k') = a c'. Since 5.5 and 5.6 are already assumed to be true, we see that v is a generating class for K' (still relative to f2) and that the hypotheses of Case I are now satisfied.
Thus, by what we have already proved, there is a class k' e a' such that
